It is well-known that when magnetic monopoles are introduced in plasma equations the propagation of electromagnetic waves is modified. This occurs because of Maxwell equations acquire a symmetrical structure due to the existence of electric and magnetic charge current densities. In this work we study the nonlinear phenomena of ponderomotive forces associated to the presence of magnetic monopoles in a plasma. The ponderomotive force on electric charges takes into account the symmetrical form of Maxwell equations in the presence of magnetic charges. It is shown that the general ponderomotive force on this plasma depends non-trivially on the magnetic monopoles, through the slowly temporal and spatial variations of the electromagnetic field amplitudes. The magnetic charges introduce corrections even if the plasma is unmagnetized. Also, it is shown that the magnetic monopoles also experience a ponderomotive force due to the electrons. This force is in the direction of propagation of the electromagnetic waves.
I. INTRODUCTION
The simplest phenomenon of propagation of waves through a plasma can be studied through the calculation of the dispersion relation of electromagnetic waves propagating in a medium composed by fixed ions and moving electrons. Such problem is widely used to introduce concepts like cutoff and plasma frequencies, as well as, group and phase velocity of waves. These dispersion properties depend on the chosen plasma description (kinetic, fluid, magnetohydrodynamics, etc.), the properties of the media, and on Maxwell equations. Therefore, if Maxwell equations are modified, then the propagation of plasma waves is expected to change.
It is well known that Maxwell's equations become symmetric when electric and magnetic charges (magnetic monopoles) are theorized 1 . This means that electric and magnetic charge
and current densities appears on every Maxwell equation. One can argue that the theoretical description of magnetic monopoles is robustly consistent at many levels in different physical theories 2 . In fact, following quantum mechanical arguments, it is proved that even the simple existence of one magnetic monopole leads to the quantization of the elementary electric charge 3, 4 . The minimum coupling strength of the magnetic monopoles 5 can be calculated to be c/(2e) 137e/2, where e is the value of the elementary electric charge, is the reduced Planck constant, and c is the speed of light. Also, recent models predict that the magnetic monopole mass should be of the order of ∼ 1 − 10 GeV 6 . In the last few decades, and particularly after the unconfirmed results reported by Cabrera 7 , there has been a great interest on the subject of magnetic monopoles. In addition to different experimental attempts to detect these particles (see e.g. [8] [9] [10] ), several studies have been published showing (if exist) the role of magnetic monopoles in different aspects of physics such as astrophysics 6,11 , high energy physics 12, 13 , and plasma physics [14] [15] [16] [17] [18] .
If the existence of magnetic monopoles is accepted, then, from a classical plasma point of view, Maxwell equations become 1, 14, 19 ∇ · B = 4πµ ,
where −e and n e are the electron charge and electron density respectively, and µ is the magnetic charge density of the magnetic monopole fluid. Also, v e is the electron velocity, and v µ is defined as the magnetic monopole fluid velocity (we have adopted natural units c = 1). Thus, Maxwell equations can be interpreted as the electromagnetic field generated by electric and magnetic fluids, created by their respective constituents. In addition, from
Maxwell equations, we notice that the magnetic monopole fluid obeys the continuity equation
Now we can assume that the above Maxwell equations are coupled to a plasma composed by electric charges and magnetic monopoles. We consider an initial situation where each species is at rest in a unmagnetized field-free plasma. Let us suppose that there exist other immobile particles with respective opposite electric and magnetic charges and with the same densities, which provide the total charge neutrality of this plasma 14, 15 . Both fluid interact only through Maxwell equations. Thereby, the electric fluid follow the momentum equation
while the magnetic monopole fluid has its own momentum equation
Here, m e is the electron mass, and m µ , n µ are the magnetic monopole mass and magnetic monopole density, respectively. 
, where ω p = 4πe 2 n e /m e is the electron plasma frequency, and we introduce the magnetic monopole plasma frequency as
Thus, the dispersion relation for a transverse electromagnetic wave, k ·Ẽ 1 = 0, is given by
where is the dielectric function. The dispersion relation (5) have been obtained in Refs. 14, 15 .
Notice that when magnetic monopoles are neglected ω m = 0, we recover the usual dispersion relation ω 2 = ω The general solutions, shown in Fig. 1 , for the frequency as function of k can be straightforwardly obtained from (5) as
where we have used the notation (±) to indicate the existence of two branches. The dispersion relation (5) [or (6)] shows that the inclusion of magnetic monopoles in a plasma formalism introduces non-trivial effects in the propagation of electromagnetic waves. In the linear regime, this relation establishes a different form of dispersion of light, that can be used as an indirect detection method for magnetic charges. From Fig. 1 we can see how light modes (+) (higher frequency branches in the figure) are affected by magnetic monopoles
Notice that this mode has a cut-off in ω p , and approaches to an usual light mode ω = k as the wavenumber increases. In the case of small magnetic monopole contribution, ω m k, ω p , this dispersion relation becomes approximately
On the other hand, dispersion relation (6) establishes the emergence of a new branch (−) due to monopoles. This branch has the form
which has a cut-off in ω m . Also, as the wavenumber increases, this mode vanishes, as shown in Fig. 1 . For a small magnetic monopole contribution, ω m k, ω p , this mode becomes
This last mode only exist if ω m = 0. Finally, notice from (7) and (9) 
The above dispersion relations (Eqs. (5)- (10)) show how the linear regime is modified in these kind of plasmas with magnetic monopoles. We can figure out that the non-linear regime is also altered. From (5) It is the purpose of this work to obtain and study the contribution of the magnetic monopoles to the ponderomotive force experienced by the electrons when a nonlinear electromagnetic wave propagates through a plasma. [34] [35] [36] where general fluid and kinetic effects can be studied into the framework of a more exhaustive analysis of the ponderomotive force. However, the lack of symmetry between charged electric and magnetic particles into Maxwell equations used in those formalisms, made them not appropriate for the purposes of this work. Nevertheless, we will show that when magnetic charges are neglected, our results coincide with those derived from those general formalisms 35 under the specific imposed conditions of our problem.
Let us consider a transverse slowly large-amplitude electric field with the form E = E(t, x) exp(ikz − iωt) + c.c., where c.c. stands for complex conjugate, such that E ·ẑ = 0, and the frequency ω and wavevector k = kẑ satisfy the dispersion relation (6) . The amplitude of the electric field is such that its gradient is manly in the longitudinal direction ∇E ≈ẑ ∂E/∂z, i.e., the transverse spatial variations of the electric field are negligible compared with the longitudinal gradient (∂E/∂x, ∂E/∂y ∂E/∂z). In this way, at first order in the plasma variables, we find from Eq. (2) that the electron velocity satisfies
showing that the electron velocity is also transverse v 1e ·ẑ = 0. Now, dropping the tilde from the slowly varying amplitudes for simplicity, and defining the variables E ± = E x ± iE y and v e± = v 1ex ± iv 1ey , we find that
where we have used that at the lowest order in electron velocity amplitude v e± = −ieE ± /(m e ω).
A similar procedure allow us to obtain the first order velocity for magnetic monopoles. By using (3), we get
where v µ± = v 1µx ± iv 1µy , defined through the transverse components of the first order velocity for magnetic monopoles v 1µ .
It is now remaining to find the relation between the first order electric and magnetic fields. Using Maxwell equations (1), we get
Notice that the last term, proportional to the magnetic monopoles velocity, is not present in standard Maxwell equations. From Eq. (14), we obtain that at lowest order
where we have included the contribution of the magnetic monopole velocity. Therefore, at first order and with the help of the magnetic monopole velocity (13), the magnetic field solution of (14) is
When magnetic monopoles are neglected ω m → 0, then the classical result is recovered as expected.
Now we are in position to calculate the ponderomotive force on electrons. The nonlinear second order equation of motion for electrons, obtained from Eq. (2), allow us to get that ponderomotive force f z accelerates electrons in the z-direction 28 . Namely,
where represents the average over the phase. Note that as the electric and velocity fields are transverse, there is no contribution from longitudinal quantities to the ponderomotive force.
From the above expression it is straightforward to show that
Then, to evaluate the ponderomotive force (18) we make use of (12) and (16) . Keeping ourselves in the slowly-varying regime E ± ∂ z E * ± (i/ω) ∂ z E * ± ∂ t E ± , the ponderomotive force on the electron fluid results to be
This is one the main results of this work. Magnetic monopoles introduce corrections and new sources for the ponderomotive force. This ponderomotive force, created by a slowlyvarying electromagnetic wave, pushes the electrons locally. This causes charge separation, thus dragging the whole plasma. The net effect of magnetic monopoles is to increase the ponderomotive force (19) , pushing the electrons faster than in a plasma without them.
When magnetic monopoles are not present, then we recover the standard ponderomotive force −(ω the amplitude of the electric field. In this way we can estimate the ratio between the spatial parts of both ponderomotive forces to be
As ω (−) < ω m , then this ratio is negative (see Fig. 2 ), which implies that the spatial parts of the ponderomotive forces associated to the two modes accelerate the electron in opposite directions. Besides, this ratio has a minimum when k = ω 2 p − ω 2 m , which implies that the maximum value (in absolute terms) of the ratio shown in Eq. (20) depends on the relative magnitude between the magnetic monopole and electron plasma frequencies ω m /ω p , being larger when ω m approaches to ω p . On the other hand, this ratio can be evaluated for small magnetic monopole contribution ω m k, ω p , resulting to be
Similarly, the comparison between the temporal parts of both ponderomotive forces (see Fig. 3 ) results to be
which in the small magnetic monopole contribution domain becomes
Ratios (20) and (22) shows that when ω p > ω m , the ponderomotive forces associated to the magnetic monopole mode ω − are larger in magnitude to those associated to the light mode To finish the discussion of this section, notice that, in general, the ponderomotive force 
If we naively would replace the dielectric function (5) into the Washimi-Karpman formalism for our modes, it would be obtained that 
III. PONDEROMOTIVE FORCE ON MAGNETIC MONOPOLES OWED TO THE ELECTRONS
As the presence of magnetic monopoles induces a ponderomotive force on electrons, one can argue that electrons produce a similar effect on magnetic monopoles. An analog analysis to the one in Sec. II can be performed to obtain such result. From Ampère's law in Maxwell equations (1) we can obtain at lowest order that
Notice that this is equivalent to the relation (15) making use of the dispersion relation (5) .
Thus, at first order in the variations of the amplitude of the fields, we obtain that
showing the inherent symmetry between electric and magnetic charges, when it is compared with Eq. (16).
Following the same procedure outlined in Sec. II, we obtain the second-order ponderomotive force, F z , induced on magnetic monopoles as
By using the slowly-varying magnetic monopole velocity deduced in Eq. (13), we finally find that the longitudinal ponderomotive force on magnetic monopoles, in terms of the slowly-varying amplitude of the magnetic field, results to be
The ponderomotive force (29) acts on the magnetic monopoles, accelerating them along the longitudinal direction. Notice the symmetry with respect to the ponderomotive force on electrons (19) , where only is needed to perform the changes |E| 2 ←→ |B| 2 and ω p ←→ ω m .
This is a reflection of the symmetric form of Maxwell equations.
Anew, we can compare the spatial and temporal parts of the ponderomotive force (29) (that take into account the temporal and spatial variations of the magnetic field) for the light and monopole modes. The ratio of the spatial parts of the ponderomotive force on magnetic monopoles gives F
and therefore, the spatial parts for the two modes pushes the monopoles in opposite directions (as ω (−) < ω p ), in an analogue fashion to the electron case. Similarly, the ratio of the temporal parts of the ponderomotive force (29) is
aiming the temporal parts of the force moves monopoles in the same direction for the modes.
Also, as the wavenumber increases, the temporal part of the magnetic monopole mode
becomes dominant.
IV. DISCUSSION AND CONCLUSIONS
We have studied how magnetic monopoles modify the linear classical propagation characteristics of electromagnetic waves in plasmas in the linear and nonlinear cases, leading to non-trivial effects. When the nonlinear regime is explored, magnetic charges contribute to the ponderomotive forces experienced by the electrons. We show that the calculation of the ponderomotive force cannot follow the standard Washimi-Karpman procedure, as now it is mandatory to consider the current density created by the motion of magnetic monopoles.
We found that when considering magnetic charges in the plasma, the ponderomotive force (19) that an electromagnetic waves exerts on electrons is larger than its standard classical counterpart. This implies that the electrons in a plasma can move faster due to the presence of magnetic charges. In fact, if some of our assumptions are relaxed, for example the constraints to the spatial variations of the electric field amplitude, then it can be glanced that the term ω 2 −ω 2 p in the denominator of Eq. (19) contributes to the transverse part of the ponderomotive force, being that part also larger than its classical counterpart. Therefore, it is possible to argue that magnetic monopoles can contribute into the self-focusing of a laser in an electron plasma. This idea will be investigated in future works. Lastly, we showed that magnetic monopoles can also experience the ponderomotive force (29) in a plasma. This force also accelerate the monopoles in a similar fashion to what occurs with electrons.
Our theoretical results show that, if magnetic charges exist, there is a variety of effects that may be present when large amplitude electromagnetic waves propagate through plasmas with no background magnetic field. As all these effects are impossible to observe without the presence of magnetic charges, our results suggest a possible procedure to detect these, until today, elusive particles.
